A psudo-riemannian manifold is a manifold with an indefinite metric of index p(p ≥ 1). Such structures arise naturally in relativity theory and, more recently, string theory. Unlike the considerably more familiar Riemannian manifolds (with the metric index 0), Lorentzian manifolds are poorly understood. In this paper we study the conformal submanifold geometry in psudo-riemannian space forms. Let R N s be the real vector space R N with the Lorenzian inner product , given by
where X = (x 1 , · · · x N ), Y = (y 1 , · · · , y N ) ∈ R N . We denote by C n+1 the cone in R Topologically Q n p is S n−p × S p /Z 2 , which is endowed by a standard Lorentzian metric h = g {e τ h|τ ∈ C ∞ (Q n p )}.
We define the psudo-riemannian sphere space S . Therefore we research the conformal geometry in the conformal space Q n p with index p, while it is not necessary to do so in these three psudo-riemannian space forms respectively.
When p = 0, our analysis in this text can be reduced to the Moebius submanifold geometry in the sphere space (see Wang [10] ). For more details of Moebius submanifold geometry see refs [3, 4, 5, 11, 12] , etc. Some other results about Lorentz conformal geometry see refs. [6] [7] [8] [9] , etc.
This paper is organized as follows. In Section 2 we prove the conformal group of the conformal space Q n p is O(n − p + 1, p + 1)/{±I}. In Section 3 we construct general submanifold theory in the conformal space Q n p and give the relationship between conformal invariants and isometric ones for hypersurfaces in Lorentzian space forms. In Section 4 we give the first variation formula of the Willmore volume functional of regular space-like or time-like submanifolds in the conformal space Q n p In Section 5 we classify the conformal isotropic submanifolds in the conformal space Q n p . § 2. The conformal group of the conformal space Q n p .
First we introduce
Lemma 2.1. Let ϕ : M → M be a conformal transformation on m(m > 2) dimensional psudo-riemannian submanifold (M, g), i.e., ϕ is a diffeomorphism and ϕ * g = e 2τ g, τ ∈ C ∞ (M). If M is connected, then ϕ is determined by the tangent map ϕ * and 1-form dτ at one fixed point.
Proof For any point p ∈ M, there is a local coordinate (x i ) around p. And (y i ) is a local coordinate around ϕ(p).
For psudo-riemannian metric g = e 2τ g = ϕ * g on M, we denote ∇ the connection of g, and R the curvature tensor, Ric the Ricci curvature tensor. Respect to g, the corresponding operators are ∇, R, Ric, respectively. The relation of these operators is as the following equations
where X, Y, Z, W are smooth vector fields on M, and ∇τ is the gradient of τ respect to g. Locally, let
Acting with ∂ ∂x k on the both sides of (2.4), we get
Alternating the positions of i, j, k, and by the use of
one will obtain
We collect the terms of ∂ ∂y k and get
where △ is the Laplacian respect to g. On the other hand, we have
Therefore
Combining with (2.6) and (2.8), we have 
Suppose that
And if
Define linear transformation
on this basis:
Therefore, from (2.1) we have
(2.14)
|uA| 2 h. Next we prove that
Suppose that there is a local lift of
. Then π • u =id, and
where a, b, c i are local smooth functions. Without difference, we let
Using (2.10) and (2.11), we denote A(u) by
It is easy to check that
Consequently,
Suppose that for some fixed point
We can certainly find
is a epimorphism and ker(Φ) = {±I}, we have Theorem 2.2. The conformal group of the conformal space Q n p is O(n − p + 1, p + 1)/{±I}. § 3. Fundamental equations of submanifolds.
We denote by ∆ and κ the Laplacian operator and the normalized scalar curvature of the local non-degenerated metric dy, dy . Then we have Proof First we can check it out that the expression of g is invariant to different local lifts. Suppose that y :
For the local non-degenerated metrics , y = dy, dy , we denote by ∆ the Laplacian, by ∇f the gradient of a function f , and by κ the normalized scalar curvatures. And for dỹ, dỹ , we denote by∆ the Laplacian, and byκ the normalized scalar curvatures. On U ∩Ũ , we find thatỹ = e τ y, where τ is local smooth function on U ∩Ũ . Therefore dỹ, dỹ = e 2τ dy, dy , and they are conformal on U ∩Ũ . We have
1)
It follows that
If there is a Lorenzian rotation T acting on Q n p and y : U → C n+1 is a lift of x : M → Q n p defined in open subsets U, then the submanifoldx = x•T must have a local lift likeỹ = e τ yT . Since T perserves the Lorentzian inner product and the dilatation of the local lift y will not impact the term ( ∆y, ∆y − m 2 κ) dy, dy , the 2-form g is conformally invariant. 
then we have
And we may decompose R n+2 p+1 such that
where V⊥span{Y, N, Y 1 , · · · , Y m }. We call V the conformal normal bundle for x : M → Q n p . Let {ξ m+1 , · · · , ξ n } be a local basis for the bundle V over M.
We adopt the conventions on the ranges of indices in this paper:
We may write the structure equations as follows 
then we can define the covariant derivatives of these tensors and curvature tensor with respect to conformal metric g:
Then the integrable conditions of the structure equations contain
Furthermore, we have
(3.23) From above we know that in case m ≥ 3 all coefficients in the PDE system (3.10)-(3.12) are determined by the conformal metric g, the conformal second fundamental form B and the normal connection {ω 
Denote ∆ M the Laplacian and κ M the normalized scalar curvature for I. It is easy to see that
where
In fact, from the structure equations
we have
So we will get dy, dy = du, du = I; ∆ = ∆ M ; κ = κ M . Through some direct calculation it reaches
By a direct calculation we get the following expression of the conformal invariants A, B, and Φ: 
and psudo hyperbolic space with index p
we obtain analogous conclusion:
where ǫ corresponds the sectional curvature of psudo sphere space or psudo hyperbolic space with index p. § 4. The first variation of the conformal volume functional
p be a compact oriented regular submanifold with boundary ∂M. Suppose that local basis {e 1 , · · · , e m } on M satisfy the orientation. Denote g ij = g(e i , e j ). If the conformal metric g has s negative signature and (g ij ) = (−I s ) ⊕ (I m−s ), we call {e 1 , · · · , e m } a local orthonormal basis for g. In the following let {e 1 , · · · , e m } be a local orthonormal basis for g with dual basis
We define the generalized Willmore functional W(M) as the volume functional of the conformal metric g:
The conformal volume element dM g is defined by
which is well-defined. Let x : M × R → Q n p be an admissible variation of x 0 such that x(·, t) = x t and dx t (T p M) = dx 0 (T p M) on ∂M for each small t. For each t, x t has the conformal metric g t . As in §3, we have a moving frame {Y, N,
along M × R and the conformal volume W (t) = W(x t ). Let {ξ α } be a local orthonormal basis for the conformal normal bundle V t of x t . Denote d and d the differential operators on M × R and M, respectively. Then we have
From (4.2) it is easy to get
Therefore we have 
It follows from (3.19) and (3.23) that
Now we calculate the first variation of the conformal volume functional
where dM g is the volume for g t . From (4.4) we get
From the fact that the variation is admissible we know v i = 0, v α = 0 and v α ,i = 0 on ∂M. It follows from (4.8) and Green's formula that
It follows from (4.9) that Theorem 4. 
Now we know from (3.34) that
From (3.14) we have
Combining with ω
and (4.14) we get Remark 4.1. In some conferences, a surface in psudo Riemannian space forms with vanishing mean curvature vector is also called maximal or minimal. But in this time the volume functional of the surface is not really maximal or minimal. So we take the place of the above two terms by stataionary (also see [1] ). § 5. Conformal isotropic submanifolds in Q 
